The ground state energy, some low-lying excited state energies and oscillator strengths for a hydrogen atom confined in both a Debye screening potential and finite impenetrable spherical box have been calculated. These have been calculated using a linear variational method based on B-spline basis functions. The results have been compared with those of other authors. The evaluated energies and oscillator strengths with respect to different plasma screening parameters with a certain confinement radii are discussed. 
Introduction
The study of the atomic process under plasma conditions has attracted a lot of attention for many years. This is due to the lasting interest in stars, the solar system and the stellar space , as well as the search for laser-produced hot and dense plasmas . The influence of the weaklycoupled plasma environments on embedded atoms may be represented by the Debye screening potential, which describes effectively the averaged effect of the plasma environment on atomic spectra. Under this model, the potential between two charges changes from the Coulomb potential to Yukawa-type potential. The Debye screen- * E-mail: kngshuai@tom.com ing parameter in the model potential can be determined by the Debye and Hückel relation from the density and temperature of the plasma. A number of theoretical investigations on atoms using the Debye screening potential have been performed. For example, some papers have discussed the importance of Debye screening in astrophysical plasma diagnostics, astrophysical observations, and calculating partition functions in thermodynamics. Other papers have discussed the applications in astrophysical phenomena like the mass radius relation in the theory of white dwarfs and in the determination of the rate of escape of stars from galactic and globular clusters [30] [31] [32] . Studies into the properties of an atom confined in the impenetrable spherical box have also received much attention since in 1937, Michels et al. proposed a model to study the variation of a static dipole under the effective pressure acting on the surface [33] . Sommerfeld et al. car- ried out investigations into the energy levels of hydrogen in a spherical box [34] . Since then a number of calculations have been performed for studying the energy levels of confined atoms [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] . During the last 80 years this model has been proved to be quite useful in the theories of liquids, high-pressure physics, and many other fields, including the effect of pressure on energy levels, polarizabilities and ionization potentials of atoms and molecules, the cell model of the liquid state and semiconductor quantum dots. In the literature of B. Saha et al., on discussing the problem of the impurity atom embedded in liquid helium, they proposed a theoretical model to study atoms assuming a Debye screening potential due to a plasma environment and an altered boundary condition to suit the physical description [18] . In their model, the surrounding plasma is sufficiently weak to produce screened coulomb interaction between point charges. However, some of their calculated results may be doubtful, which is discussed later in this paper. In this paper, an accurate method of linear variation based on B-spline basis functions is proposed to calculate the ground state energy, some low-lying excited state energies and oscillator strengths for a hydrogen atom confined by both Debye screening potential and the finite boundary conditions of a impenetrable spherical box. The B-spline method can be found in the Refs [52] [53] [54] . A number of theoretical investigations on atomic systems based on Bspline basis functions have been reported [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] . Very recently, Lin et al. have reported the spectral data of helium atoms with screened Coulomb potentials using this approach [60] . These investigations have shown that the variational method based on B-spline basis functions is effective for atomic systems. In this work, the features of energy spectra and oscillator strengths vs Debye screening lengths for some given confined radii is investigated in detail.
Model and method
We have studied the model of hydrogen atom confined in both Debye screening potential and an impenetrable spherical box. The non-relativistic Hamiltonian of a confined hydrogen atom under Debye plasmas is characterized by the parameter λ D , given by (atomic unit is used)
where − 1 − λ D is the Debye screening potential for a hydrogen atom with the Debye screening length λ D . The particular value of the screening parameter λ D corresponds to the range of plasma conditions, which is a function of electron density and electron temperature and can be obtained by
Here , is the number density, Z , the nuclear charge, and T , the temperature of the plasma. The smaller values of λ D are associated with stronger screening. V ( ) is the confined potential in the form of
Since the Hamiltonian is spherical symmetric, the wave function can be written as:
where Y (θ φ) are the spherical harmonic functions, and Φ( ) is radial part of the wave function Ψ − → .
In this work , the radial wave functions Φ( ) have been obtained from a linear variation based on B-spline basis functions. For a given angular momentum , the radial wavefunctions are expanded in terms of the order Bsplines basis functions as
where C are linear variation parameters to be determined from solution of the eigenvalue equation. The order Bspline basis functions are defined in the interval [0 max ] with the knot sequence is adopted as
Namely, we let = 0 be multiple knots, = R 0 be − 1 multiple knots, other B-spline knots are distributed exponentially in the intervals (0 R 0 ). In this calculation, the 9th order B-splines ( = 9) is applied. Following the confining potential Eq.(2), the radial wave functions Φ( ) ≡ 0 when = R 0 . This boundary condition could be automatically met since the B-spline basis set is adopted and the knot sequence is adopted as Eq. (5). The Schr¨ dinger equation can be written in matrix form
where E is the eigenenergy and C the corresponding eingenvector, H is the matrix element of Hamiltonian with respect to the B-spline basis set used and S is the overlap matrix. The energy eigenvalues and the corresponding eigenstates can be obtained by diagonalizing the Hamiltonian matrix. λ D Present work Ref. [25] Ref. [26] Ref. [15] Ref. [18] Ref. [5] ∞ -0.500 000 000 000 0 -0.500 000 000 000 -0.500 000 000 000 -0.500 000 -0.500 000 
Results and discussion
In this paper we analyze in detail the ground state energy, some low-lying excited state energies and oscillator strengths for a hydrogen atom confined by both Debye screening and finite boundary conditions of the impenetrable spherical box. Firstly, the case of the confined radius R 0 = ∞, which corresponds to the case of a hydrogen atom confined by only the Debye screening, is considered. For this case, results of the ground state energies are compared with those of other researchers, listed in Table 1 . From Table 1 , our results for each the Debye screening length λ D are in agreement with works of Zhao [25] , Stubbins [26] , Kar [15] , and Winkler [5] . Ours results are also in agreement with the majority of Saha [18] about five to six significant figures. However, for the case of R 0 = ∞ and λ D = 1 , our value for ground energy is -0.010 285 789 989 9 a.u., while Saha's is 0.16598 . In our opinion, the result of Saha et al. is doubtful since this results is different to that calculated by all other authors. In fact, the interaction between the nucleus and the electron should be attractive but exclusive for any value of Debye screening length λ D . When λ D → ∞, the screened effect vanishes, the case is equivalent to a free hydrogen atom. For any the Debye screening length λ D ∈ (0 ∞), the ground states should be bound and the ground energies should be negative even if the absolute values of the ground energies are very small for small λ D . This illustrates that the variational method of Saha fails to adequately describe the electronic state when its energy approaches the continuum edge. Table 2 with those available in the literature [18, 22] . From Table 2 , our numerical results agree with those of Qi [22] . For the case of λ D = 50 and ∞ a.u., our numerical results are also consistent with those of Saha [18] . However, large differences exist on comparison with their other results [18] . When λ D < 20 a.u., the difference between their results and those published in this paper rapidly increase with the decreasing λ D . When λ D = 1, and 4 a.u., their reported oscillator strengths for 1 →2 transitions are 0.0383 and 0.0034 a.u., respectively. This work predicts oscillator strengths of zero, which can be attributed to the positive energies of 2p-states at these values of λ D .
The oscillator strengths of the transition 1s → 2p for a hydrogen atom confined by impenetrable spherical box without a screening potential have also been investigated. Table 3 shows that the comparison between this work and those available in the literature [18, 23, 35] . This work is mostly in agreement with that of Laughlin and Stevanovic [23, 35] to five significant figures. The comparison illustrates the effectiveness of our linear variational method based on B-spline basis functions. Again, considerable differences are found on comparison to the results from Saha. Table 4 presents the ground and low-lying excited state energies for confined hydrogen atom with various Debye screening lengths λ D and confined radii R 0 . When λ D → ∞, the discussed model is equivalent to a hydrogen atom confined in an impenetrable spherical box with radius R 0 . The ground and low-lying excited state energies may be negative or positive for different confined radii R 0 , and the corresponding wavefunctions cannot be, in general, solved analytically. As shown in Table 4 , the energies of all the states increase when λ D decreases for any R 0 . This reflects that the extent of the screening potential on the nuclear charge is weaker for larger λ D . Our results for the ground and low-lying excited state energies for a hydrogen atom confined by both Debye screening and finite boundary conditions of the impenetrable spherical are shown in figure 1 and 2 . Figure 1 given finite λ D with R 0 = ∞, the energy order is
Thus for a given principal quantum number , , the less the angular quantum number is, the lower the energy is. From figure 1 and when λ D → 0, E 2 > E 2 (see figure 1 (b) ) the energies of E 2 and E 2 cross for small λ D . The order of E 3 , E 3 , andE 3 is the same too. But for any λ D , The order of E 4 is E 4 > E 4 > E 4 > E 4 . For the case of R 0 = 10, The orders of E 2 , E 3 and E 4 are the same as those of the case of R 0 = 20, too. The second one is that the differences between E 2 and E 2 +1 ( = 0 ), between E 3 and E 3 +1 ( = 0 1 ), and between E 4 and E 4 +1 ( = 0 1 2 ) increase with an increase in the principal quantum number . From figure 2 , the ground and low-lying excited state energies for the three cases all decrease monotonously with increasing R 0 . When R 0 → ∞, the energies of 2 and 2 states, those of 3 , 3 , and 3 states, and those of 4 , 4 , 4 , and 4 are, respectively, close to being degenerate. It can also be seen that the differences amongst the energies for different principal quantum number are increasing with λ D for R 0 → ∞. The results presented in this paper for the oscillator strengths from 1s to 2p, 3p, and 4p states for hydrogen atom confined by both Debye screening and finite boundary conditions of the impenetrable spherical are shown in figure 3 and 4. , respectively. In figure 3 (b) and (c), some complicated structures can be seen for the case of R 0 = 2 and 10 a.u.. The structures are also complicated in figure  4 . These structures can be attributed to the square of the dipole transition matrix element non-monotonic behaviour. In fact, the oscillator strength of a specific dipole transition is given by the dipole transition matrix element and the energy difference. Generally, the energy difference is a monotonically decreasing function with increasing radius of confinement. Lj Stevanović [23] have explained the structures of oscillator strengths of the transitions for hydrogen atom confined in spherically box without screen effect. Their explanation is also used to the case of the hydrogen atom confined in both Debye screening potential and impenetrable spherical box. For the finite confined radius R 0 , the radial electron wavefunctions would be mixed amongst different states. With increasing R 0 , the degree of mixing among different wavefunctions changes non-monotonously. When the energy order between the initial and final states changed for some λ and R 0 , the mixed wavefunctions are strongly coupled, which can lead to changes in the oscillator strengths.
Summary
This paper introduced a high efficient method of linear variation based on the B-spline basis function to solve the non-relativistic Schrödinger equation for hydrogen atom confined by both Debye screening potential and finite boundary conditions of the impenetrable spherical box. In our calculation, the radial wavefunctions are expanded in terms of 100 B-splines functions with 9-th order. With the proposed method, The effects of the Debye shielding and confined boundary on the studied properties have been investigated in detail. For the case of R 0 = ∞, The ground energies have been compared with and are in agreement with most other authors [5, 15, 25, 26] . Some of our results are in disagreement with those presented by Saha, the reliability of which is, in our opinion, doubtful The ground and some low-lying excited state energy levels, and oscillator strengths for confined hydrogen atom with difference Debye screening lengths λ D and difference confined radii R 0 have been studied. Accurate energies with more than 9 effective figures are obtained.
